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Abstract

In the present work, we establish two pathway fractional integral formulas associated with the Incomplete X-functions.
Further, we develop some special cases involving various simpler and useful special functions are given to show the
importance and utilizations of our main findings. After that we indicate some known results, Bansal and Choi [1] and Nair
[2] reduced by our main findings.

Keywords
Pathway fractional integral operator, Incomplete Aleph-function, Mellin-Barnes type contour, Riemann-Liouville
fractional integral operators

2010 Mathematics Subject Classification
Primary 26A33, 33B20; Secondary 33C60, 33E20, 44A40

1. Introduction/Definitions

Many research efforts have been devoted to generalize Fractional calculus (FC) and special function. FC become
a significant instrument for the modeling, analysis and plays a crucial role in different fields. Fractional calculus has
recently attracted considerable attention and importance during past four decades. It is prescribed the definitions of
differentiation and integration to arbitrary order. FC is a fascinating branch of applied sciences and it also represents a
powerful tool to examine a Myriad of problems from different fields like Mathematical modeling, Probability theory,
Physics, Control theory and various other problem related to differential and integral equations, partial differential
equations associated with special functions [3-6].

During four decades, several researchers have given some interesting and useful generalization of many of the
familiar special function such as various type of Mittag-Leffler functions, generalized Bessel function, type of
hypergeometric function, incomplete Gamma function, incomplete Euler’s-Beta function, incomplete H-function,
incomplete I-function, incomplete Aleph function, etc. [7-11].

Recently, Bansal et al. [12] explored and investigated the incomplete Aleph function which is generalization of
incomplete I-function, incomplete H-function, the X-function and I-function and many other special cases belongs to
Fox’s H-function.

The main object of this paper is to establish a set of new and interesting pathway fractional integral formulae
involving incomplete aleph function and produce some known and unknown results of our main finding.

We recall here classical definition of incomplete Gamma functions I'(v, z) and y (v, z) defined as follows:

y(v,2) = [, e 't 1dt (R() >0;z=0) (1.1)
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And
r(v,z) = [ e ttvldt (R()>0;z=>0if z=0) (12)

The incomplete Gamma functions I'(v, z) and y (v, z) are satisfying decomposition formula:
y(v,z2)+T'(v,z) =T (v) (R(v) >0) (1.3)

Very recently Bansal et. al [12] introduced and investigate the incomplete Aleph function (F)N;,"Z pur(2) and
(y)le_';‘, p-r(Z) which are defined by Mellin-Barnes type contour integral representations as follows:

(Y)Npl QLPLT(Z) - (y)(N)pl‘h piT [Z

Where z # 0, and

(a1, 11,9), (aj.%j) pi (@i #i) nvip, .
P 9 , ~$d¢, 14
(55 By) e L 'DJ(JU i) Im+1.q; ] 2mi @) ds,  (1.4)

T(1—ay — 6 Y) [1], T(bj + B;&) [Th=, T(1 — a; — 3;€)
0, y) =
l 1Pi [H] =m+1 ( le + Bﬂf) H] =n+1 F(aﬁ - Kjif)]

(1.5)
and

(Y)leZ Di» r(Z) = (y)(x)pl qi,pPiT [Z

Where z # 0, and

(ay, %1,¥), (aj; J'fj) pj(ajir”ji)]n+1,pi] 1

(b, B;) p( )] = 2mil, 0 N(@)*ds,  (16)
1m’ WPi\Fjv Bj; m+1,q;

y(1 = ay =1, &Y Iy T(by + BiE) 1= T(1 = a; — 2;€)
i=1Pi [H, Enan T(L = byi + B TTL n+11“(aﬁ—xﬁ€)]

(1.7)

The incomplete Aleph function given in (1.5) and (1.7) exist for all y>=0 under the same contour and the same set of

conditions as stated in [12]. A complete detail of (1.5) and (1.7) can be found in [12].Some important particular cases of
incomplete aleph function are listed below:

(i) Ontakingy =0, then (1.7) reduces to the X—function which was given by Stidland [13, 14] as follows:

(aJ'”J)ln [ (@i, i) In+1,p;
(1.8)
(by B)lm [0 (bji, Bji)] Im+14;

(i)  On setting p; = 1, then equations (1.5) and (1.7) reduces to the incomplete I- functions introduced by Bansal and
Kumar [15] as given below:

(Y)(N)qulplr Z (al'xl,O) (aj,%j)zn [pj(aji’%ji)]n"'l»pi _ gmn [

( ,B; )1m [pJ( jir ]l)]m+1 ai - UpuqipiT

(a1, 21,0, (a3.%), o (@i 50)]

puaplr £ (bj, ) (i ﬂ)]m+1q

(V)(N)

_w (al;”l;J’)l ns (aj»”) [1(aji'%ji)]n+1p.
y (I)pl qir - (19)
(5 By), o (B0 Bi)] 1,
And
- (av”llo) (@.%), o [(@ 0],
( )pz‘h

( »B; )1m [( Jt'Bji)]mJ,Lqi

(al'%1:3’)1 n (aj: ”j) n [(aji:”ji)]n+1,pi

(1.10)
( B)lm (Jl'Bji)]mH.qi
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(iii) For p; = 1 and y = 0 in equation (1.6), then it’s reduces to the I-functions given by Saxena [16] as follows:

(aq,%,0), (af’”f)z,n’ [(aji'%ﬁ)]n+1,pi mn (a1, #1) 10 (aji;}fji)n_l_l’pl

(Y)( )plqllr = Ipqur |2
(5 B7), o [ (B Bi)] 1, (51 B)), o (Bjis Bii) 1 o

(iv) Further setting p; = 1 and r = 1 in equations (1.4) and (1.6) reduces into the incomplete H-function introduced
by Srivastava et al.[17] and (see also [1]) as follows:

(1.11)

o (ag,1,y), (aj;%j)Zn. (aji:”ji)m_li (ar,#1,5) '(aj'”j)zp
(X)prgo1a |2 | =T |2 ' (1.12)
(51 B;) e [1(Bjis Bii)] o o, (6B, ,
o (az, 20,9), (a,%),, o [ 0], (a1, 21,), (4, %7),,
(®)pras1 |2 Pl =y |z : (1.13)
(5 B;) e [1(Bjis Bii)] ., o, (b B), ,

A complete detail of Incomplete H-function can be found in the article [17].

(v)  Againsettingy = 0in (1.12), incomplete X-function deduce into the Fox’s H-function [18] as follows:

®mn (a1, 21,0, (a3,%), . [1H@e 0], ..
z =H"
i ? (m) 1Bl 2|y,

Let ® € L(a, b) the set of Lebesgue measurable functions defined on (a, b). Then the pathway fractional integral operator
P(A 9 D with a pathway parameter u < 1 is defined as follows [1]:

z (1.14)

A

2 rrem (A-wuix
piHD = [a00 [1 —“yi]l koW du, (1.15)

(R() > 0,aeR*, ® € £(0,))
It is reduce to well-known definition of Riemann-Liouville fractional integral operators I§+[1] as follows:

(PEY0) () = [ L8 de = m (14 0) () (1.16)

0 (x—t)l_’l
We also recall a known result (see [2, Eq. (12)])

(1.17)

(L) 71y = Y r(v)r(1+%)

[a(1 = m]¥ r1+v+1— A )
— U
(< LR > 0,aeRA+, R(v) > 0,R(1 + A/(1 — 1)) > 0)

2. Pathway Fractional Integral Formulas of the Incomplete X -Functions
We derived pathway fractional integral formulas of the incomplete X-Functions (1.4) and (1.6).

Theorem 1 let a € R*,u < 1,5 € R*,R(a) > 0% (1 +$) >0,y > 0andk € R. Also let
aj € Cx; ER* (j=1,...p) and b; € C,B; € R* (j = 1,....q)be the same as in (1.4).Then

( 1+ A u)>
Awa) (a- 1(F) mn B xhta
P0+ { pl‘hp r(kx } [a(l _ ‘u)]a
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(a1, 20,y), A = a, ). (a1, %), o [os(4jn 1),

(F) mn+1 kxﬁ 1 (2 1)
it1.4qip; r - .
PitLlaip; r |[a(1-w)]# (—a—g,ﬂ),(bj,Bj) [pj( jis ]l)]m+1q
It is assumed that each member of (2.1) exists.
Proof: Suppose A be the left hand side of (2.1). Using (1.15) and (1.4), we have
o - - -
A= PO (x L, 0 (EN@ T dE 5 [, 06y (ke?) " de | (22)

Where 0 ( &,y) is given in (1.5). Then, in the double integral of the right member of (2.2), we interchange the order of
the integrals, which can be verified under the stated conditions, we get

P L RO Ll G (2.3)
Using (1.17) to evaluate the pathway fractional integral in (2.3), we get
A
ri+55) 1 Py H_ e
— A+a—ﬂ = =&
A= o] 0@ (i) R +1)df

Finally, with the help of (1.4) and (1.5), interpreting the right member of the last |dent|ty, We obtain the desired result
(2.2).

Theorem 2 let a € R*, ;1 < 1,§ € R*,%(a) > 0% (1 +ﬁ) >0,y > 0andk € R. Also let
aj €Cx; €ER* (j=1,...p) and b; € C,B; € R* (j = 1,....q)be the same as in (1.6).Then

A
r <(1 T u)>
[a(l —p)]*
o Pgmn+1 kep (@) A= ap) (), (@)l ),
X — 1 pi
Pitldirippr |[a(1 — p)]P (_ T)( ,B; )1m oi(bji, "')]m+1,qi

It is assumed that each member of (2.4) exists.
Proof: The proof of (2.4) would be written as similar lines of Theorem 1. We drop the details.

A,
P(E,,”a){ a- 1(1/)&2;1" r(kxﬁ} — yAta

(2.4)

3. Special Cases and Remarks
Several special cases can be obtained from the results (2.1) and (2.4), some of them are listed below in the form of
Corollaries:

Corollary 1let a € R*,u < 1,5 € R*,R(a) > 0% (1 +ﬁ) >0,y > 0andk € R. Also let
aj €Cx; €R* (j=1,...p) and b; € C,B; € R* (j = 1,....q)be the same as in (1.4).Then

PN fxamixmn  (kxP} = xTAT((1 4+ 1)

xmnt1 kxP - j’r)’ (aj’%j)z,n’ [pf(aﬁ’”ji)]nﬂp.
PitLi+1,p; v |[a(1-w)]B (—“_E'ﬁ)'(bj'Bj) [pj( i ”)]m+1q

It is assumed that each member of (3.1) exists.
Proof: In consideration of (1.8) and (2.1), we obtain the desired result (3.1).

X (3.1)

Corollary 2 let a € R*,u < 1,5 € R*,R(a) > 0% (1 +$) >0,y > 0and k € R. Also let
aj €Cx; €ER* (j=1,...p)and b; € C,B; € R* (j = 1,....q)be the same as in (1.4) and (1.6).Then

( 147 A u)>
Appa) ( a— 1ymn B a+l
P0+ { PL‘hp r(kx )} [a(1 _ ,Ll)]a
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(4,2,y), (1 — . B), (a3,%), . (a1, A1)

kxP n+1,p;
X (V)Im.’n;rl. [—T n (3.2)
pit v‘h+1,pi",r la(1-p)] (_A - E; T) ’ (bjl B)l,m’ [p] (bjl' bjl)]m+1,qi
Proof: With the help of (1.9) and (1.10), we can get the results here from those in Theorem 1 and 2
Corollary 3 Let 4; > 0, |argz| < %Al (i=1....1) and R(d,) +1 < 0. Also leta € R*
a<1l,TeRY,RW) >0 iR(l +17_7—a) > 0,x = 0 and k € R. be the same as in (1.6). Then
r ((1 + L ))
m [ 1-1@ymn ) 1—«a
10+ {Z NpiQi,pi”,r(kZ )} - [a(l + a)]/l
9 xm'n+1 kz® (1 - A, T)J (a]; Aj)l,n, [p_](ajli Ajl)]n+1,pi (3 4)
pi+1'Qi, i ,T+1 T — ] — L .
Pi, [a(1+a)] ( A T-a’ T) B (b], B)l_m' [p] (bjll bjl)]m+1,qi
Proof: Further setting y = 0 in (3.3), the identity here follows
Corollary 4 Let A, > 0, |argz| < %Al (i=1...1) and R(d,) +1 < 0. Also leta € R*
¢<1,TE€RRW >0R(1+-1)>0x>0andk €R.
r 1+i))
maa) {_1-1@mn | = 4+ (( 1-a
Po+ {Z Ipiql'.pi,,.r(kz }_ z [a(1+a)]*
JA ) ) 1_AJ ) "A' ) j JA'
(M)ymn+1 kz® (@, 41, ( v (a] ])2171 [(a]1 ]1)]n+1,pi (3.5)
pitlqir+1 T n '
L) (_)L C1-a’ T) /(g B)1,m' (B2, bjl)]m+1,qt
and
n
maa) [ 1-1(0) mn e (=)
P0+ {Z IpiQi,pi",r(kZT} =z1* la(1+a)]?
;A ) ) 1_/1; ) 'iA' ) i lA'
I I O O o (e A I

Pitlair+1 [a(1+a)]® (—A - l—a, T) , (b], B)l,m' [(bjl' bjl)]m+1,qi

Proof: In view of (1.16), we get the required result directly from the Theorem (1) and (2). By suitably specializing the
parameters of incomplete X-functions (1.4) and (1.6), several known results can be deduced from the main findings (2.1)
and (2.4) in which few of them given below:

Remark 1: If, we reduce the incomplete X-functions to the incomplete H-functions with the help of (1.12) and (1.13) in
Theorem 1 and 2, we get the results obtained by Bansal and Choi [1]. Similarly, If we reduce the incomplete Aleph
functions into the Fox’s H-function with the help of (1.14) in Theorem 2, we get the identities recorded by Nair [2].

4. Conclusion

Fractional integral operators are very used in Physics, Mathematics and engineering applications. In this investigation, we
established two pathway fractional integral formulae associated with incomplete X—functions. Next we found some new
and known results of the main findings. These results are very use full for further research and applications in the field of
Engineering, Physics, and Mathematics.

Statements and Declarations
The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

References

1. M. K. Bansal and J. Choi, A Note on Pathway Fractional Integral Formulas Associated with the Incomplete
H—Functions, Int. J. Appl. Comput. Math, 5(5), Art. 133, (2019).

2. S. S. Nair, Pathway fractional integraion operator, Fract. Calc. Appl. Anal 12(3) , 237-252,(2009).

3. H. M. Srivastava, Some Double Integrals Stemming from the Boltzmann Equation in the Kinetic Theory of
Gasses, European J. Pure Appl. Math., 15(3), 810-820, (2022).

4. H. M. Srivastava, Some General Families of Integral Transformations and Related Results,Appl. Math. And
Comput. Sci., 6(1), 27-41, (2022).

222 |Page


https://zkdx.ch/

10.

11.

12.

13.

14.

15.

16.

17.

18.

Zhongguo Kuangye Daxue Xuebao

J. Choi and P. Agarwal, A note on fractional integral operator associated with multiindexMittag-Leffler functions,
Filomat, 30(7), 1931-1939, (2016).

M. K. Bansal, D. Kumar and R. Jain, A study of Marichev-Saigo-Maeda fractional integral operators associated
with S-generalized Gauss hypergeometric function, Kyungpook Math J., 59(3), 433-443, (2019).

H. M. Srivastava, M. A. Chaudhry and R. P. Agarwal, The incomplete Pochhammer symbols and their
applications to hypergeometric and related functions, Integral Transforms SpecFunct., 23, 659-683, (2012).

H. M. Srivastava,, M. K. Bansal and P. Harjule, A study of fractional integral operators involving a certain
generalized multi-index Mittag-Leffler function, Math Meth Appl Sci., 41(16),6108-6121, (2018).

J. Singh, D. Kumar and D. Baleanu, New aspects of fractional Biswas-Milovic model with Mittag-Leffler law,
Math Model Nat Phenom, 14, 303, (2019).

R.S. Ali, S. Mubeen, I. Nayab, S. Araci, G. Rahman, and K.S. Nisar, Some Fractional Operators with the
Generalized Bessel-Maitland Function, Discrete Dyn. Nat. Soc, 2020, Article ID 1378457, (2020).

P. Harjule, M.K. Bansal and S. Araci, An Investigation of Incomplete H-Functions associated with some
fractional integral operators, Filomat, 36(8), (2022).

M. K. Bansal, D. Kumar, K. S. Nisar, J. Singh, Certain fractional calculus and integral transform results of
incomplete X-functions with applications, Math Meth Appl Sci., 43, 5602-5614,(2020).

N. S’udland, B. Baumann, T.F. Nannenmacher, Open problem: Who knows about the Alephfunction?, Appl.
Anal., 1(4), 401-402, (1998).

N. S’udland, B. Baumann, T.F. Nannenmacher, Fractional driftless Fokker-Planck equation with power law
diffusion coefficients, in: V.G. Gangha, E.W. Mayr, W.G. Vorozhtsov (Eds.),Computer Algebra in Scientific
Computing (CASC Konstanz 2001), Springer, Berlin, 2001,pp. 513-525.

M. K. Bansal and D. Kumar, On the integral operators pertaining to a family of incomplete I-functions, AIMS-
Mathematics, 5(2), 1247-1259, (2020).

V.P. Saxena, Formal solution of certain new pair of dual integral equations involving H functions, Proc. Nat.
Acad. Sci. India Sect. A, 52, 366-375,(1982).

H. M. Srivastava, R. K. Saxena and R. K. Parmar, Some Families of the Incomplete H Functions and the
Incomplete  H -Functions and Associated Integral Transforms and Operators of Fractional Calculus with
Applications. Russ. J. Math. Phys. 25(1), 116-138, (2018).

H. M. Srivastava, K. C. Gupta and S. P. Goyal, the H-Functions of One and Two Variables with Applications,
South Asian Publishers, New Delhi and Madras, 1982.

223|Page


https://zkdx.ch/

