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Abstract 
In the present work, we establish two pathway fractional integral formulas associated with the Incomplete ℵ-functions. 

Further, we develop some special cases involving various simpler and useful special functions are given to show the 

importance and utilizations of our main findings. After that we indicate some known results, Bansal and Choi [1] and Nair 

[2] reduced by our main findings. 
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1. Introduction/Definitions 
Many research efforts have been devoted to generalize Fractional calculus (FC) and special function. FC become 

a significant instrument for the modeling, analysis and plays a crucial role in different fields. Fractional calculus has 

recently attracted considerable attention and importance during past four decades. It is prescribed the definitions of 

differentiation and integration to arbitrary order. FC is a fascinating branch of applied sciences and it also represents a 

powerful tool to examine a Myriad of   problems from different fields like Mathematical modeling, Probability theory, 

Physics, Control theory and various other problem related to  differential and integral equations, partial differential 

equations associated with special functions [3-6]. 

During  four decades, several researchers have given some interesting and useful generalization of many of the 

familiar special function such as various type of  Mittag-Leffler functions, generalized Bessel function, type of 

hypergeometric function, incomplete Gamma function, incomplete Euler’s-Beta function, incomplete H-function, 

incomplete I-function, incomplete Aleph function, etc. [7–11]. 

Recently, Bansal et al. [12] explored and investigated the incomplete Aleph function which is generalization of 

incomplete I-function, incomplete H-function, the ℵ-function and I-function and many other special cases belongs to 

Fox’s H-function.  

The main object of this paper is to establish a set of new and interesting pathway fractional integral formulae 

involving incomplete aleph function and produce some known and unknown results of our main finding. 

We recall here classical definition of incomplete Gamma functions Γ(ν, z) and 𝛾(𝜈, z) defined as follows: 

 

𝛾(𝜈, 𝑧) = ∫ 𝑒−𝑡𝑡𝜈−1𝑑𝑡
𝑥

0
    (ℜ(𝜈) > 0 ; 𝑧 ≥ 0)  (1.1) 
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And   

𝛤(𝜈, 𝑧) = ∫ 𝑒−𝑡𝑡𝜈−1𝑑𝑡
∞

𝑥
           (ℜ(𝜈) > 0 ; 𝑧 ≥ 0 𝑖𝑓 𝑧 = 0)     (1.2) 

 

The incomplete Gamma functions Γ(𝜈, 𝑧) and 𝛾(ν, z) are satisfying decomposition formula: 

 

𝛾(𝜈, 𝑧) + 𝛤(𝜈, 𝑧) = 𝛤(𝜈)    (ℜ(𝝂) > 𝟎)         (1.3) 
 

Very recently Bansal et. al [12] introduced and investigate the incomplete Aleph function ℵ
(Γ)

𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 (𝑧)  and 

(𝛾)ℵ𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛

(𝑧) which are defined by Mellin-Barnes type contour integral representations as follows: 

 

(𝛾)ℵ𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 (𝑧) = (ℵ)

(𝛾)
𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗𝑖, 𝜘𝑗𝑖)]𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]𝑚+1,𝑞𝑖

] =
1

2𝜋𝑖
∫ 𝜃

ℒ

(𝜉, 𝑦)(𝑧)−𝜉𝑑𝜉,       (1.4) 

 Where 𝑧 ≠ 0, and          

                     

𝜃(𝜉, 𝑦) =
Γ(1 − 𝑎1 − 𝜘1𝜉, 𝑦) ∏ Γ(𝑏𝑗 + ℬ𝑗𝜉) ∏ Γ(1 − 𝑎𝑗 − 𝜘𝑗𝜉)𝑛

𝑗=2
𝑚
𝑗=1

∑ 𝜌𝑖
𝑟
𝑖=1 [∏ Γ(1 − 𝑏𝑗𝑖 + ℬ𝑗𝑖𝜉) ∏ Γ(𝑎𝑗𝑖 − 𝜘𝑗𝑖𝜉)

𝑝𝑖
𝑗=𝑛+1

𝑞𝑖
𝑗=𝑚+1 ]

                               (1.5) 

 

and  

(𝛾)ℵ𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 (𝑧) = (ℵ)

(𝛾)
𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦), (𝑎𝑗 , 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]𝑚+1,𝑞𝑖

]  =
1

2𝜋𝑖
∫ Θ

ℒ

(𝜉, 𝑦)(𝑧)−𝜉𝑑𝜉,        (1.6) 

 Where  𝑧 ≠ 0, and          

                     

Θ(𝜉, 𝑦) =  
𝛾(1 − 𝑎1 − 𝜘1𝜉, 𝑦) ∏ Γ(𝑏𝑗 + ℬ𝑗𝜉) ∏ Γ(1 − 𝑎𝑗 − 𝜘𝑗𝜉)𝑛

𝑗=2
𝑚
𝑗=1

∑ 𝜌𝑖
𝑟
𝑖=1 [∏ Γ(1 − 𝑏𝑗𝑖 + ℬ𝑗𝑖𝜉) ∏ Γ(𝑎𝑗𝑖 − 𝜘𝑗𝑖𝜉)

𝑝𝑖
𝑗=𝑛+1

𝑞𝑖
𝑗=𝑚+1 ]

                               (1.7) 

 

The incomplete Aleph function given in (1.5) and (1.7)   exist for all y>=0 under the same contour and the same set of 

conditions as stated in [12]. A complete detail of (1.5) and (1.7) can be found in [12].Some important particular cases of 

incomplete aleph function are listed below: 

(i) On taking y = 0, then (1.7) reduces to the ℵ−function which was given by 𝑆�̃�𝑑𝑙𝑎𝑛𝑑 [13, 14] as follows: 

 

(ℵ)
(𝛾)

𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 0), (𝑎𝑗 , 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] = ℵ𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎𝑗, 𝜘𝑗)
1,𝑛

, [𝜌𝑗(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]𝑛+1,𝑝𝑖

(𝑏𝑗, 𝐵𝑗)
1,𝑚

, [𝜌𝑗(𝑏𝑗𝑖 , 𝐵𝑗𝑖)]𝑚+1,𝑞𝑖

]      (1.8) 

 

(ii) On setting 𝜌𝑖 = 1, then equations (1.5) and (1.7) reduces to the incomplete I- functions introduced by Bansal and 

Kumar [15] as given below: 

 

(ℵ)
(𝛾)

𝑝𝑖,𝑞𝑖,1,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 0), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] 

 

= (𝐼)
(𝛾)

𝑝𝑖,𝑞𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦)1,𝑛, (𝑎𝑗 , 𝜘)
2,𝑛

, [1(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

]     (1.9)   

 

And  

(ℵ)
(𝛾)

𝑝𝑖,𝑞𝑖,,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 0), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [(𝑎𝑗𝑖, 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] 

 

= (𝐼)
(𝛾)

𝑝𝑖,𝑞𝑖,𝜌𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦)1,𝑛, (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [(𝑏𝑗𝑖, ℬ𝑗𝑖)]𝑚+1,𝑞𝑖

]                                                (1.10) 
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(iii) For 𝜌𝑖 = 1 𝑎𝑛𝑑 𝑦 = 0 in equation (1.6), then it’s reduces to the I-functions given by Saxena [16] as follows: 

 

(ℵ)
(𝛾)

𝑝𝑖,𝑞𝑖,1,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 0), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [(𝑎𝑗𝑖 , 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] = 𝐼𝑝𝑖,𝑞𝑖,𝑟
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1)1,𝑛, (𝑎𝑗𝑖, 𝜘𝑗𝑖)
𝑛+1,𝑝1

(𝑏𝑗, ℬ𝑗)
1,𝑚

, (𝑏𝑗𝑖, ℬ𝑗𝑖)
𝑚+1,𝑞1

]            (1.11) 

 

(iv) Further setting  𝜌𝑖 = 1 𝑎𝑛𝑑 𝑟 = 1 in equations (1.4) and (1.6) reduces into the incomplete H-function introduced 

by Srivastava et al.[17] and (see also [1]) as follows: 

 

          (ℵ)(Γ)
𝑝𝑖,𝑞𝑖,1,1
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, (𝑎𝑗𝑖 , 𝜘𝑗𝑖)
𝑛+1,𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [1(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] = Γ  𝑝,𝑞
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦) , (𝑎𝑗 , 𝜘𝑗)
2,𝑝

(𝑏𝑗, ℬ𝑗)
1,𝑞

]         (1.12) 

 

(ℵ)
(Γ)

𝑝𝑖,𝑞𝑖,1,1
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦), (𝑎𝑗 , 𝜘𝑗)
2,𝑛

, [1(𝑎𝑗𝑖, 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖𝑖

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [1(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞𝑖

] = 𝛾  𝑝,𝑞
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 𝑦), (𝑎𝑗, 𝜘𝑗)
2,𝑝

(𝑏𝑗, ℬ𝑗)
1,𝑞

]               (1.13) 

 

    A complete detail of Incomplete H-function can be found in the article [17]. 

 

(v) Again setting y = 0 in (1.12), incomplete ℵ-function deduce into the Fox’s H-function [18] as follows: 

 

(ℵ)
(Γ)

𝑝𝑖,𝑞𝑖,1,1
𝑚,𝑛 [𝑧 |

(𝑎1, 𝜘1, 0), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [1(𝑎𝑗𝑖, 𝜘𝑗𝑖)]
𝑛+1,𝑝1

(𝑏𝑗, ℬ𝑗)
1,𝑚

, [1(𝑏𝑗𝑖, ℬ𝑗𝑖)]
𝑚+1,𝑞1

] = 𝐻  𝑝,𝑞
𝑚,𝑛 [𝑧 |

(𝑎𝑗, 𝜘𝑗)
1,𝑝

(𝑏𝑗, ℬ𝑗)
1,𝑞

]      (1.14) 

 

Let Φ ∈ ℒ(𝑎, 𝑏) the set of Lebesgue measurable functions defined on (a, b). Then the pathway fractional integral operator 

𝑃
0+
(𝜆,𝜇,𝑎)

Φ with a pathway parameter  𝜇 < 1 is defined as follows [1]: 

 

𝑃
0+
(𝜆,𝜇,𝑎)

Φ =  ∫ [1 −
𝑎(1−𝜇)𝑢

𝑦
]

𝜆

1−𝜇
Φ(𝑢)𝑑𝑢,

𝑥

𝑎(1−𝜇)

0
                                                                          (1.15) 

 

                       (ℜ(𝜆) > 0, 𝑎𝜖ℝ+, Φ ∈ ℒ(0, ∞)) 

It is reduce to well-known definition of Riemann-Liouville fractional integral operators 𝐼0+
𝜆 [1]  as follows: 

 

(𝑃
0+
(𝜆−1,0,1)

Φ) (𝑥) =  ∫
𝑓(𝑡)

(𝑥−𝑡)1−𝜆 𝑑𝑡 =  Γλ (𝐼0+
𝜆 Φ)(𝑥)

𝑥

0
                                                                  (1.16) 

We also recall a known result (see [2, Eq. (12)]) 

 

(𝑃
0+
(𝜆,𝜇,𝑎)

) (𝑥𝜈−1) =  
𝑥𝜆+𝜈

[𝑎(1 − 𝜇)]𝜈

Γ(𝜈)Γ (1 +
𝜆

1 − 𝜇)

Γ (1 + 𝜈 +
𝜆

1 − 𝜇)
                                                                            (1.17)  

            (𝜇 < 1, ℜ(𝜆) > 0, 𝑎𝜖ℝ^+, ℜ(𝜈) > 0, ℜ(1 + 𝜆/(1 − 𝜇)) > 0) 
 

 

2. Pathway Fractional Integral Formulas of the Incomplete ℵ -Functions 
We derived pathway fractional integral formulas of the incomplete ℵ-Functions (1.4) and (1.6). 

Theorem 1 𝑙𝑒𝑡 𝑎 ∈ ℝ+, 𝜇 < 1, 𝛽 ∈ ℝ+, ℜ(𝛼) > 0 ℜ (1 +
𝜆

1−𝜇
) > 0, 𝑦 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ.  Also let 

                  𝑎𝑗 ∈ ℂ, 𝜘𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑝) 𝑎𝑛𝑑 𝑏𝑗  ∈ ℂ , ℬ𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑞)𝑏𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑖𝑛 (1.4). 𝑇ℎ𝑒𝑛     

 

𝑃
0+
(𝜆,𝜇,𝑎)

{𝑥𝛼−1 ℵ𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛(Γ)
(𝑘𝑥𝛽} = 𝑥𝜆+𝛼

Γ ((1 +
𝜆

1 − 𝜇))

[𝑎(1 − 𝜇)]𝛼
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ℵ𝑝𝑖+1,𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛+1(Γ)
[

𝑘𝑥𝛽

[𝑎(1−𝜇)]𝛽|

(𝑎1, 𝜘1, 𝑦), (1 − 𝛼, 𝛽), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗1, 𝜘𝑗1)]
𝑛+1,𝑝𝑖

(−𝛼 −
𝜆

1−𝜇
, 𝛽) , (𝑏𝑗, ℬ𝑗)

1,𝑚
, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]

𝑚+1,𝑞𝑖

]                           (2.1) 

    It is assumed that each member of (2.1) exists. 

Proof: Suppose Δ be the left hand side of (2.1). Using (1.15) and (1.4), we have 

 

  ∆=  𝑃
0+
(𝜆,𝜇,𝑎)

{𝑥𝛼−1 1

2𝜋𝑖
∫ Θ

ℒ
(𝜉, 𝑦)(𝑧)−𝜉𝑑𝜉,

1

2𝜋𝑖
∫ 𝜃

ℒ
(𝜉, 𝑦)(𝑘𝑥𝛽)

−𝜉
𝑑𝜉  }                                        (2.2) 

Where θ (ξ, y) is given in (1.5). Then, in the double integral of the right member of (2.2), we interchange the order of 

the integrals, which can be verified under the stated conditions, we get  

 

∆=
1

2𝜋𝑖
∫ 𝜃

ℒ
(𝜉, 𝑦)𝑘−𝜉   𝑃

0+
(𝜆,𝜇,𝑎)

{𝑥𝛼−𝛽𝜉−1}𝑑𝜉                                                                                 (2.3) 

Using (1.17) to evaluate the pathway fractional integral in (2.3), we get  

 

 ∆= 𝑥𝜆+𝛼
Γ (1 +

𝜆
1 − 𝜇

)

[𝑎(1 − 𝜇)]𝛼
  

1

2𝜋𝑖
∫ 𝜃

ℒ

(𝜉, 𝑦)(𝑘)−𝜉 (
𝑥

𝑎(1 − 𝜇)
)

−𝛽𝜉 Γ(𝛼 − 𝛽𝜉)

Γ (𝛼 − 𝛽𝜉 +
𝜆

1 − 𝜇
+ 1)

𝑑𝜉          

Finally, with the help of (1.4) and (1.5), interpreting the right member of the last identity, we obtain the desired result 

(2.1). 

 

Theorem 2   𝑙𝑒𝑡 𝑎 ∈ ℝ+, 𝜇 < 1, 𝛽 ∈ ℝ+, ℜ(𝛼) > 0 ℜ (1 +
𝜆

1−𝜇
) > 0, 𝑦 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ.  Also let 

                  𝑎𝑗 ∈ ℂ, 𝜘𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑝) 𝑎𝑛𝑑 𝑏𝑗  ∈ ℂ , ℬ𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑞)𝑏𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑖𝑛 (1.6). 𝑇ℎ𝑒𝑛   

    𝑃
0+
(𝜆,𝜇,𝑎)

{𝑥𝛼−1 ℵ𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛(𝛾)
(𝑘𝑥𝛽} = 𝑥𝜆+𝛼

Γ ((1 +
𝜆

1 − 𝜇
))

[𝑎(1 − 𝜇)]𝛼
 

× ℵ𝑝𝑖+1,𝑞𝑖+1,𝜌𝑖;𝑟

𝑚,𝑛+1(𝛾)
[

𝑘𝑥𝛽

[𝑎(1 − 𝜇)]𝛽
|

(𝑎1, 𝜘1, 𝑦), (1 − 𝛼, 𝛽), (𝑎𝑗 , 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗1, 𝜘𝑗1)]
𝑛+1,𝑝𝑖

(−𝜆 −
𝜂

1 − 𝛼
, 𝜏) , (𝑏𝑗, ℬ𝑗)

1,𝑚
, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]

𝑚+1,𝑞𝑖

]                         (2.4) 

   It is assumed that each member of (2.4) exists. 

Proof: The proof of (2.4) would be written as similar lines of Theorem 1. We drop the details. 

 

3. Special Cases and Remarks 
Several special cases can be obtained from the results (2.1) and (2.4), some of them are listed below in the form of 

Corollaries: 

Corollary 1 𝑙𝑒𝑡 𝑎 ∈ ℝ+, 𝜇 < 1, 𝛽 ∈ ℝ+, ℜ(𝛼) > 0 ℜ (1 +
𝜆

1−𝜇
) > 0, 𝑦 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ.  Also let 

                  𝑎𝑗 ∈ ℂ, 𝜘𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑝) 𝑎𝑛𝑑 𝑏𝑗  ∈ ℂ , ℬ𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑞)𝑏𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑖𝑛 (1.4). 𝑇ℎ𝑒𝑛    

 

       𝑃
0+
(𝜆,𝜂,𝑎)

{𝑥𝛼−1ℵ𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛 (𝑘𝑥𝛽} = 𝑥𝛼+𝜆Γ((1 + 𝜂)) 

                                × ℵ𝑝𝑖+1,𝑞𝑖+1,𝜌𝑖,;,𝑟

𝑚,𝑛+1 [
𝑘𝑥𝛽

[𝑎(1−𝜇)]𝛽|

(1 − 𝛼, 𝜏), (𝑎𝑗 , 𝜘𝑗)
2,𝑛

, [𝜌𝑗(𝑎𝑗𝑖, 𝜘𝑗𝑖)]
𝑛+1,𝑝𝑖

(−𝛼 −
𝜆

1−𝜇
, 𝛽) , (𝑏𝑗, ℬ𝑗)

1,𝑚
, [𝜌𝑗(𝑏𝑗𝑖, ℬ𝑗𝑖)]

𝑚+1,𝑞𝑖

]                           (3.1) 

It is assumed that each member of (3.1) exists. 

Proof: In consideration of (1.8) and (2.1), we obtain the desired result (3.1). 

 

Corollary 2 𝑙𝑒𝑡 𝑎 ∈ ℝ+, 𝜇 < 1, 𝛽 ∈ ℝ+, ℜ(𝛼) > 0 ℜ (1 +
𝜆

1−𝜇
) > 0, 𝑦 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ.  Also let 

                  𝑎𝑗 ∈ ℂ, 𝜘𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑝) 𝑎𝑛𝑑 𝑏𝑗  ∈ ℂ , ℬ𝑗 ∈ ℝ+ (𝑗 = 1, … . 𝑞)𝑏𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑖𝑛 (1.4) 𝑎𝑛𝑑 (1.6). 𝑇ℎ𝑒𝑛    

 

𝑃
0+
(𝜆,𝜇𝜇,𝑎)

{𝑥𝛼−1𝐼𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛 (𝑘𝑥𝛽)} = 𝑥𝛼+𝜆

Γ ((1 +
𝜆

1 − 𝜇))

[𝑎(1 − 𝜇)]𝛼
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   × (𝛾)𝐼𝑝𝑖+1,𝑞𝑖+1,𝜌𝑖,,,𝑟

𝑚,𝑛+1
[

𝑘𝑥𝛽

[𝑎(1−𝜇)]𝛽|

(𝑎𝑗, 𝜘𝑗, 𝑦), (1 − 𝛼, 𝛽), (𝑎𝑗, 𝜘𝑗)
2,𝑛

, (𝑎𝑗1, 𝐴𝑗𝑖)
𝑛+1,𝑝𝑖

(−𝜆 −
𝜂

1−𝛼
, 𝜏) , (𝑏𝑗, 𝐵)

1,𝑚
, [𝜌𝑗(𝑏𝑗1, 𝑏𝑗1)]

𝑚+1,𝑞𝑖

]            (3.2) 

Proof: With the help of (1.9) and (1.10), we can get the results here from those in Theorem 1 and 2 

 

 

Corollary 3 Let 𝐴1 > 0,   |arg 𝑧| <
𝜋

2
𝐴1 (𝑖 = 1 … . . 𝑟)  𝑎𝑛𝑑 ℜ(Φ1) + 1 < 0. Also let 𝑎 ∈ ℝ+ 

𝛼 < 1, 𝜏 ∈ ℝ+, ℜ(𝜆) > 0 ℜ (1 +
𝜂

1−𝛼
) > 0, 𝑥 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ. be the same as in (1.6). Then 

𝐼
0+
(𝜂)

{𝑧𝜆−1 ℵ𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛(Γ)
(𝑘𝑧𝜏)} =

Γ ((1 +
𝜂

1 − 𝛼
))

[𝑎(1 + 𝛼)]𝜆
 

 

   ×  ℵ𝑝𝑖+1,𝑞𝑖,𝜌𝑖,,,𝑟
+1

𝑚,𝑛+1 [
𝑘𝑧𝜏

[𝑎(1+𝛼)]𝜏|

(1 − 𝜆, 𝜏), (𝑎𝑗, 𝐴𝑗)
1,𝑛

, [𝜌𝑗(𝑎𝑗1, 𝐴𝑗1)]
𝑛+1,𝑝𝑖

(−𝜆 −
𝜂

1−𝛼
, 𝜏) , (𝑏𝑗, 𝐵)

1,𝑚
, [𝜌𝑗(𝑏𝑗1, 𝑏𝑗1)]

𝑚+1,𝑞𝑖

]        (3.4) 

Proof: Further setting y = 0 in (3.3), the identity here follows 

 

Corollary 4 Let 𝐴1 > 0,   |arg 𝑧| <
𝜋

2
𝐴1 (𝑖 = 1 … . . 𝑟)  𝑎𝑛𝑑 ℜ(Φ1) + 1 < 0. Also let 𝑎 ∈ ℝ+ 

𝛼 < 1, 𝜏 ∈ ℝ+, ℜ(𝜆) > 0 ℜ (1 +
𝜂

1−𝛼
) > 0, 𝑥 ≥ 0 𝑎𝑛𝑑 𝑘 ∈ ℝ..  

𝑃
0+
(𝜂,𝛼,𝑎)

{𝑧𝜆−1 𝐼𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛(Γ)
(𝑘𝑧𝜏} = 𝑧𝜂+𝜆

Γ((1+
𝜂

1−𝛼
))

[𝑎(1+𝛼)]𝜆  

𝐼𝑝𝑖+1,𝑞𝑖,𝑟+1
𝑚,𝑛+1(Γ)

[
𝑘𝑧𝜏

[𝑎(1+𝛼)]𝜏|

(𝑎1, 𝐴1, 𝑦), (1 − 𝜆, 𝜏), (𝑎𝑗, 𝐴𝑗)
2,𝑛

, [(𝑎𝑗1, 𝐴𝑗1)]
𝑛+1,𝑝𝑖

(−𝜆 −
𝜂

1−𝛼
, 𝜏) , (𝑏𝑗, 𝐵)

1,𝑚
, [(𝑏𝑗1, 𝑏𝑗1)]

𝑚+1,𝑞𝑖

]           (3.5) 

𝑎𝑛𝑑  

𝑃
0+
(𝜂,𝛼,𝑎)

{𝑧𝜆−1 𝐼𝑝𝑖𝑞𝑖,𝜌𝑖,,,𝑟

𝑚,𝑛(Γ)
(𝑘𝑧𝜏} = 𝑧𝜂+𝜆

Γ((1+
𝜂

1−𝛼
))

[𝑎(1+𝛼)]𝜆  

𝐼𝑝𝑖+1,𝑞𝑖,𝑟+1
𝑚,𝑛+1(𝛾)

[
𝑘𝑧𝜏

[𝑎(1+𝛼)]𝜏|

(𝑎1, 𝐴1, 𝑦), (1 − 𝜆, 𝜏), (𝑎𝑗, 𝐴𝑗)
2,𝑛

, [(𝑎𝑗1, 𝐴𝑗1)]
𝑛+1,𝑝𝑖

(−𝜆 −
𝜂

1−𝛼
, 𝜏) , (𝑏𝑗, 𝐵)

1,𝑚
, [(𝑏𝑗1, 𝑏𝑗1)]

𝑚+1,𝑞𝑖

]              (3.6) 

Proof: In view of (1.16), we get the required result directly from the Theorem (1) and (2). By suitably specializing the 

parameters of incomplete ℵ-functions (1.4) and (1.6), several known results can be deduced from the main findings (2.1) 

and (2.4) in which few of them given below: 

 

Remark 1: If, we reduce the incomplete ℵ-functions to the incomplete H-functions with the help of (1.12) and (1.13) in 

Theorem 1 and 2, we get the results obtained by Bansal and Choi [1]. Similarly, If we reduce the incomplete Aleph 

functions into the Fox’s H-function with the help of (1.14) in Theorem 2, we get the identities recorded by Nair [2]. 

 

4. Conclusion 
Fractional integral operators are very used in Physics, Mathematics and engineering applications. In this investigation, we 

established two pathway fractional integral formulae associated with incomplete ℵ−functions. Next we found some new 

and known results of the main findings. These results are very use full for further research and applications in the field of 

Engineering, Physics, and Mathematics.  
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