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Abstract

In this paper, we present a set of open-Newton-type inequalities with n=1 for differentiable convex functions using the
Caputo fractional operator. For this, first we prove an integral identity using Caputo Fractional integral and derivative
operator. Further, by utilising this identity we establish some error bounds for Open-Newton-Cotes formula for
differentiable convex functions and bounded functions in the fractional calculus. Finally, we added some examples and
show the validity of inequalities with a graph for different values of fractional parameter .
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1. Introduction

Fractional calculus has been more popular and significant over the past three decades. It applies the ideas of integrals and
derivatives to arbitrary real or complex orders. Its proved applicability in a wide range of scientific and technical areas are
the reason for this increased interest. Especially in the study of special functions and their extensions over one or more
variables, fractional calculus has been used to tackle challenging issues in mathematical physics and provides strong tools
for solving differential and integral equations [1-8].

The theory of measure, limits, differentiation, integration, and convex functions are all included in the branch of
mathematics known as mathematical analysis. The foundation of mathematical analysis is inequality, which has grown
into a vital instrument in that process until the early 20th century, when the west began to see it as a distinct branch of
contemporary mathematics. Hardy, Littlewood, and Poolya's book "Inequalities"[9] was the first work in this topic. Other
books (see, for example, [10], [11]) are also very helpful in this field.

In the realm of mathematical analysis study, convex functions—which are basic as positive or growing
functions—have become essential. The study of convex functions in relation to mathematical inequalities—most notably,
Simpson's and Newton-type inequalities—has received a lot of interest in recent years. Numerous important findings in
numerical analysis are based on Simpson's second rule, which is based on the 3-point Newton-Cotes quadrature rule.
Newton-type inequalities, which come from three-step quadratic kernel calculations, have been the subject of substantial
research and are considered as basic tools in mathematical inequalities [12-16]. Numerous mathematicians have
investigated these inequalities, advanced our knowledge of their characteristics and used in a range of mathematical and
scientific domains.

Numerous researchers have created numerical integration formulas in recent years and used various
methodologies to determine their error bounds. The authors employed a variety of functions, including convex functions,
bounded functions, Lipschitzian functions, and others, in conjunction with mathematical inequalities to ascertain the error
bounds of numerical integration formulas. For example, certain error limitations for trapezoidal and midpoint formulae of
numerical integration utilizing the convex functions were obtained in [17, 18].

The convex functions in various calculi have also been used to construct certain error bounds for Newton's
formula in numerical integration; these bounds may be found in [19, 20, 21, 22, 23]. Milne's formula is a crucial
component of open Newton-cotes formulas, and its error limits for four times twice differentiable functions were
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discovered in [24]. In [25], the authors employed generic form of the convexity and created several new Maclaurin’s
formula type inequalities and analyzed their applicability.

Nonetheless, due to their importance, some fractional integral inequalities that are helpful in approximation
theory have been developed by academics using fractional calculus. The Hermite-Hadamard, Simpson's, midway,
Ostrowski's, and trapezoidal inequalities are among the inequalities that may be used to identify the boundaries of
mathematical integration formulae. The Hermite-Hadamard type inequality and the trapezoidal formula constraints were
developed in [26]. Fractional Ostrowski's type inequalities were established in Set [27] using differentiable convexity.
Iscan and Wu [28] developed an inequality of the Hermite-Hadamard type for reciprocal convex functions and established
some bounds for numerical integration using Riemann-Liouville fractional integrals (RLFIs). Sitthiwirattham et al. [29]
recently used the RLFIs to find some limitations for Simpson's 3/8 formula. For other inequalities that may be solved with
fractional integrals, refer to [30,31,32,33,34,35,36,37] and the cited works.

Sitthiwirattham et al. [38] established some error bounds for Open-Newton-Cotes formula with n=1 for
differential convex function by using Reimann-Liouville fractional operator. The Open-Newton-Cotes formula error
bounds for n=1 can be found using these error bounds or inequalities, which makes them crucial in error analysis (see [39,
p.200]). Motivated by the current research of them, we define new error bounds for one of the Open-Newton-Cotes
formulae in fractional calculus. For differentiable convex functions, we establish bounds using Caputo fractional operator
in Section 2 and provide examples to demonstrate the validity of these new bounds in section 3.”

Definition 1.1 Assume that | is an interval of real numbers. Then, a function F : I - R is said to be convex [40], if

F(la+ (1 —=2A)b) <AF(a) + (1 — D)F(b)
isvalidVv a,b € I and A € [0,1].
In this paper, we will use the well- known Caputo Fractional operators that are given below.

Definition 1.2 Let us consider « > 0 and a € {1,2,3,....},n = [a] + 1, f € C™[a, b]. The Caputo fractional derivatives
[41-44] of order « are defined as follows:

« M)
CE f0) = e a)L et x> a
And
_1\n b n
CE f) = D O e x<b

rn—a)l, (t—x)entt

Where C"[a, b] denotes the space of n-times differentiable functions such that f™ are continuous on [a, b] and I" denotes
the well-known Gamma function that is defined below.

If a=n€e{1,23,..}and the usual derivative of order n exists, then the Caputo fractional derivative exactly
matches f™(t) to a constant multiplier of (—1)™.

Definition 1.3 The integral representation of the Gamma function [42-44] is defined as

r(z) = fwe—ftz-ldt,Re(z) >0
0

2. Open-Newton-Cotes type Inequalities for Caputo Fractional Operator
In this section, we give some Open-Newton-Cots type inequalities through various classes of functions by using Caputo
Fractional Operator. To prove these inequalities firstly, we will prove the following lemma.

Lemma 2.1 If F: [u, p] —» R be a differentiable function on (i, p) such that F' € L,[u, p]. If F € C"*1[u, p], then the
following identity for Caputo fractional operator holds,

E[Tn (zu + p) 4 (u + 2p>] I(n—a+1) [C4F(p) + (—1)"CE-F ()]

2 3 3 2(p =@

1
=B [P Gp 4 (L= D) = PG+ (1 - D] 2
0
2

3 1

+ fl S(Are S O+ (L= ) = F G+ (1= Dp)] d
3
1

+ fz @A =D[F™ Ao + (1 = D) = F** 1 (Ap + (1 = Dp)] da 1)
3
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Proof: The right-hand side of above aquation gives

1
e f P A [FL (A + (1 — D) — F g+ (1 — A)p)] dA
0
2
3 1
+ fl 3 (/1”‘“ _ E) [Fr*1(Ap + (1 — D) — F* 10 + (1 — Dp)] dA

3
1
+ fz A= DF"* Ao+ (1 - D) = F* Au+ (1 - Dp)]da
3
p—U

= (I} — I+ 13— Iy + s — Ig] 2)

With the help of integration by parts, we have

1
I, = f e FrrL ) 4 (1 = Dp)da
0

1
1 1 3
Y [l”‘“T”Iu +(1- A)p|0/3] —-(n—a) fo A F (A + (1 — D)) dA

1 n—-a

B ﬁ l(?)

3

1
3 1

I = f (An‘“ _ E) FrH(p + (1 — Dp)dA
0

O R R (T Ry
3

1
Is = fz (A — DIF™1Gp + (1 - D] dA
1

— <1 - (E)n_a> Fn (“ *2p ) e fz ' AELFR (A 4 (1 — D)) d/ll
3

1
Fn (2” * ”) —(n-a) fo A UFER (A 4 (1 - D) dﬂ

W]

To—u 3 3
Then using definition 1.2, we have

- 1
(pz")[11+13+15]=1[fn(

in the same manner, we have

R R G G R G| F((;L__ :():1) ~F ) ()

By plugging equation 3 and equation 4 in equation 2, we get the required identity.

D"CG=F ) (3)

D) ()] -

Theorem 2.2 Let f satisfies the assumption of lemma 2.1 and the function |F™*1] is convex on the interval [u, p]. Then
the following inequality holds:

11 . (2u+p n (BT 2p rn—a+1) , nd om

‘E[T< 3 )HE( 3 )]_Z(p—y)”—a’ [Ca+F™(p) + (=D C5-F (#)]‘
D [1 +2mt  (n— @ —2)3"¢
=2

3ntl(n—a +1)

+ A (n, a)] [|F™1(w) + |F™ 2 (p)]|]

with a > 0,n = [a] + 1 and Where,

22|Page


https://zkdx.ch/

Zhongguo Kuangye Daxue Xuebao

2n—a+1 -1 1 In (%)
- = 0<a<—==

3n=atlpn—q+1) 6’ _1 1

L 1 n—a+1 1 ! (i)

n—-a

Ay(n,@) = 1 (1)ﬁ ARSI ) M n(z) __in3)

2 3vatln—a+1) n—a+l1 2’ In (%) T (%)
1 2n—a+1 -1 In (%)

\g_3n—a+1(n—a+1)' 1n(%) sasl

Proof: Taking modulus in equation 1, we have

‘l[y:n M)+Tn<u+2p)]_l"(n—a+1)
3

3 2(p —pa [CEF™(p) + (D" C5- T"(,u)]‘

1

(3
= OB [ preaEntap 4 (1 )l — 1P e+ (1~ D))
0
2

3
“)
f A" — DF™(Ap + (1 — V)| — [F™*1 0 + (1 — Dp)|] dA

using the convexity of |F™*1|, one can obtain

1
An—a _ _| [lg:'n+1(/1p +(1- ,1)#)| — |Tn+1(/1,u +(1- A)p)l] da

1 2
— 3 3

< (p . .u) [|f]5'n+1(/,¢) + |Tn+1(p)||] lj A2 da _|_f1

0 -

3
(,0 ,Ll) 2n—a+1 AP (Tl —a — 2)371—0:

3n- “+1(n a+1) T Ai(m @) + 3ntl(n—a +1)
Thus, the proof is completed.

n-a

1 1

| n-a _

. d,1+fE (A 1)dA
3

] (177100 + 1F ]

Remark: When we set @ = 0,n = 1 then we have the following inequality:

‘%[T(2“;p)+}"<y-;2p)] 2(p SlesFn(e) + (e T"(M)]| (p M) ————[F'|w|+ 17 @]

Theorem 2.3 Consider that the assumptions in lemma 2.1 and the function |F™*1|9 , q > 1 is convex on [y, p]. Then, the
following inequality holds:

‘1 [ (D) g n (220N D2 D e pny 4 (—1)“65‘-?"(#)]‘

2 3 3 200 — " @
[
< I (1/3)P(-®+1 % |F™1(p)|9 + 5|F™ 1 (w)|2 % |F™ 1 (W)|9 + 5|1F ™1 (p)|4 %
(- l(p(n —a) + 1)) ( 18 > + ( 18 )

1
2

3
+ 4[
1
3

with @ > 0,n = [a] + 1 n = [a] + 1 and Where, p + q = pq.

n—a_lp
A > di

1]
P () + 1P ] |
6 |

Proof: Taking modulus of inequality (1) and using Holder inequality, we have

E [T” (2“; p) +F" (” J;Zpﬂ - I;((Z — z;_la) [CEF™(p) + (—1)“C§‘—?”(u)]|
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1 1 1

q

I[ 5/ 1 a 1
(p “)|<J. |An- “|pdl> |\<L3|T”+1(Ap+(1—/1)u)|qd/1> +<L3|Tn+1(/1,u+(1—l)p)|qdl>/l
|

2 %/ 2 % %\
+<£3 -« _%‘p d/1> |\<_f;|j:n+1(lp+ (1—/1)u)|qd/1> (f |Tn+1(/1,u+(1—l)p)|qd/1> /l

]

1 ~ % 1 L % 1 ) 511 |
+<é|1—'1" “l”dl) <f§ " (?tp+(1—/1)u)|qd/1> +<f§ " (Ay+(1—,1)p)|qd/1> |

|

We have the following relation by using the convexity of |F™*1|9,q > 1

ol (5
[ 1
<e- “)|< A "‘l”d/l) <f3/1|fpn+1(p)|q+(1—/1)|T”+1(u)|qd/1>
0
|

) (u+2p>]_F(n—a+1)

2 —yra LCar TP + (—1)"C§—T"(y)]|

1
q

2

1
1 q
3

/IIT"“(M)I" +(1- A)IT”*l(P)I"dl)

1

2 5/
+<f3 | ) k(fgﬂlf"“@lq +(1—/1)|T"+1(u)|"d)l>

1 1

3

1
q

1
2
3

+
1

q
AFT I+ (1~ A)|:Fn+1<p)|q> )

b
Q|

3

+

1 1
+< ) |1—An-“|PdA) (( [, Ao +(1—/1)IT”+1(M)qu/1>
3

1
1 q
jz AF (]9 + (1 - A>|:F"+1(p)|q> >}
3

|
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[ 1 1 1
_(p—u)| (1/3)PO=®D+1\p [ (|FHL ()9 4 5|F ™+ ()| T, |F™(w)|? + 5|F™ ()74
2 lp(n—a)+1) 18 18

30

[ (1/3)P(r-®+1 % |F™*1(p)|4 +5|T”+1(#)|q |F™* 1) + 5|F™ ()| %
—H) l<p(n a) + 1)> < + < 18 >

a0

+ <(1/3)p(n_a)+l>p ((Wﬂﬂ(p W+ 17 ”“<ﬂ)l")q + <5Ifn+1(u)|q + |¢n+1<p)'q>;>

1
P n+1 n+1 n+1 n+1 1
n-a _%‘p d/1> ( |F (p)lq +|F (u)|q> N < |1 ()] +65|g-" (p)|q>q> ”

14 n+1 n+1
Jn-a _%‘ d,1> T (p)lq + |FP ()] q]
|

pn—a)+1) 18

e ——

_ [ (1/3)P =041\ [ (JFTH() [ 4+ SIFRGOANT  (1FTH () + SIFTH ()77
=6-0|(azarn) () ()

30

Thus, the proof is completed.

1

1
|71 ()17 + IT"“(u)Iq)ql
6

n—a_lp
A 5 di

Remark: When we set a = 1, then we have the following inequality
1 2u+p u+2p 1 p
Ln (L) n (120 ["Fr i
‘2 [ 3 3 20— w) o “)
<(p

[ (1/3)P(-D+1 % |F™*1(p)|9 + 5|F™ 1 (w4 % |F 1 (w)|9 + 5|F™ 1 (p)|4 é
—H) <p(n—1)+1)> < 18 ) +< 18 >

|
1 1
a1 1|p d,1>p (|Tn+1(P)|q + |7’”+1(M)|">q}
2

+@3 6
; |

Theorem 2.4 Consider that the assumptions in lemma 2.1 and the function |F™*1|9 , g > 1 is convex on [y, p]. Then, the
following inequality holds:

sl (52) v 7 (52| - Sgmee e o+ conera)
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1

1
‘ ([%(a)IT"“(P)Iq + @2 ()| F™ (W]

[ -
_-mf(a/mmen
-2 l n—a+1

1
+ [ (@IF (W] + <pz(0f)IT”+1(p)|q]5)
1
3
1

2 ! q
1 1
+ (f AT — §| dl) ([<p3(0f)|7’"+1(p)|q + a (@ IF™ (w)]9]4

1
+ @z (@IF™ (W17 + <04(a)IT"+1(p)Iq]5)

N <(1/3)n—a+1

g 1
n—a+1 > q <[(p5(a)|?-n+1(p)|q + @ (@IF™ (W]

1
+ [ps ()| F 1 (W7 + <p6(0f)IT”+1(p)|q]5)

|

with @ > 0,n = [a] + 1 and Where, p + q = pq.

1
01(a) = f aelda
0

1
2(a) = fo 1 - D)me|da

]
3

1
p3(a) =.L Al —§| dA
3

e — 1| dA
2

2
(@) = ff(l -
3

1
ps(@) = fz AL — i) d
3

1
96(@) = fz 1 -1 %) da

3
Proof: Taking modulus of inequality (1) and using power-mean inequality, we have

E |7 (2“ 3+ £+ en (2 +32p |- I;((Z — z;_lo? [C&F™(p) + ()" CEF ()]
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1
1 -3

f mejan] | fw-anfn“(xw(1—A)u)|w
0

[
(p ui
|

1

q
l”_“llﬂ'"”“(/lu +@1-p)l9da | |

1

1 =
le —A”'“ldl) (f |1 — A" 9| F™* 1 (Ap + (1 — A)u}lqdl)

1\ |
q

1 I

+ (fz |1 =" F Au+ (1 —l)p)lqdl) |
3

|

We have the following relation by using the convexity of |F"**1|9,q > 1

ol (4572) o (5570 -y el bregr o
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[ .
(- u)i ((1/3)” “+1>

Q=

2 n—a+1

(f [P AF ()] + (1 = DIF™ (W) ]dA
|

[

1
f3|/1”_“|[/1IT”+1(M)Iq + (1= DIF*(p)9]dA | |
0

<

1

q 2
3

e |d,1 |f
1

3

Q-

1
e E| [AF™1(p)]7 + (1 — D)|F™1 (w)]7]dA

1
q

e AP GO1 + (1 - DIF )1 )

A
0
<
i

1
1/3)" a+1\ 1~ q
(et (f 1= 2 E ()] + (1 A)W“www)
A\
q
1= A JIF™ QI+ (1 - A)|fn+1<p)|q]d1> |
|

Thus, the proof is completed.

Theorem 2.5 Suppose that the conditions of Proposition 1 are valid. Then, there exist m,M € R such that m <
Frtl(Qd) < M for A€ [u, p]. with @ > 0,n = [a] + 1 Under these conditions, the following Newton-type inequality

holds:
sl (50 + o ()] - S et + v )|
2

1
< u(M m) f3|,1"-“|d,1 + F’
0 3
Proof: By using the lemma 2.1, we have

%[T” (2“ 3+ £)+en (2 +32p |- I;((Z — z;_lo? [c&Fn(p) + (—1)ncg‘—?”(u)]|

1 1
an=e — E| dA + fz 11— /1"‘“|d/1}
3

1
;"fan-a([srn“(ap £ (1= D) —m+ M)+ [m+ M = F™1 0 + (1 - Dp)]) dA
0
5 1
+ Jl (/'l"‘“ — E) ([(F™*1Qp+ A —-Dw) —m+ M)+ [m+M—-F"*Qu+ (1 — Dp)]) da

1
+ jz =% — D([F™*1(Ap + (1 — D) — m + M] + [m + MF™ 1A + (1 — Dp)]) dA
3

If the absolute value of above equation is taken, then
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1

_P—,U 3 n—a n+1 n+1

—TJ.A (|JF" " *Ap+ A —-Dw)—m+M[+m+M-F"" " Au+ (1A —ADp)|)dA
0

2
3
+
1
3

1
+ fz A — 1(JF™ 1 (Ap + (1 — D) —m + M| + [m + M — F™* 1A + (1 — Dp)]) dA
3

1
o= E‘ AF™1 (Ao + (1 — D) —m + M| + |m+ M — F™*1 (A + (1 — Dp))dA

It is known that m <F™*1(1) <M for A € [y, p]. Then it follows

[F*"*" 1 Qp+ (1 —-Dp) —m+M|<M-m
m+M—-F"1Qu+ (1 -Dp)|<M—-m
With the help of this, we get

N

1
<P Bm-m f3|/1"‘“|d/1 + f3
2 . 1

1 1
An« ——| dA + f [1—A""%|dA
2 2
3
Thus, the proof is completed.

3. Examples
In this section, we will provide some mathematical examples and their graphs to show the validity of two new
inequalities.

Example 3.1 Let £:[0,1] —» R be a function such that f(x) = x3 and f"'(x) = 6x is a convex function, then for a €
(0.01,0.99) and n = 1, from theorem 2.2

LHS = ‘1 [T" (M) +Fn (“ LG )] Ry 2 £ [C&4F™(p) + (—1)"CEFM(w)]

2 3 3 2(p — )"«
B |5 3
16 22-a)
RIS = 3 2227 —(1+a).317* 1
B 32-2(2 — @) 6

From the figure 1, it is clear that LHS < RHS.

1.5

Value

[0} 0.2 0.4 0.6 0.8 1

[23

Fig. 1 An example to the inequality 2.2

Example 3.2 Let f:[0,1] - R be a function such that f(x) = x3 and |f"'(x)|? = 36x? is a convex function on [0,1].
Therefore we apply Theorem 2.4 to this defined function f for a € (0.01,0.99) and n = 1. The left hand side of the
inequality from theorem 2.4 is

M)+?n(u+2p>]_l“(n—a+1)

3 3 2(p —p)n-« [Ca+F™(p) + (=D)"C5=F"(w)]

LHS = . T”(
_2[
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53
h |€ 22— a)|
. 2
1 2 23— _q 22ma_ 1 1
RHS = (3(3—2a((3 _ Za)) (V2 +V10) + ‘/€<33—2a(3 20) 3Fez—a) E)

2

1.8

1.6

1.4

1.2

1+

Value

0.8

0.6

0.4

0.2

o]

o] 0.2 0.4 0.6 0.8 1

(a3

Fig. 2 An example to the inequality 2.2
From the figure 2, it is clear that LHS < RHS.

4. Conclusion

In summary, the present article introduces a number of Open-Newton-Cotes type inequalities derived using different
classes of functions and the Caputo fractional operator. The study starts with an integral identity that is essential for
proving the main results, followed by a variety of Open-Newton-Cotes type inequalities for differentiable convex
functions using fractional integrals. In addition, inequalities are developed for bounded functions within this framework,
and we provided some examples and their graphs to demonstrate the validity of the newly established inequalities for
various values of a. The methods and approaches employed to connect the Caputo fractional operator with Newton-type
inequalities could open up new research directions, such as exploring different classes of functions or applying other
fractional integral operators.
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